Exercise 0.1. Let E ⊂ R n , f : E → R n , and a ∈ E • . Assume f is differentiable at a. Also assume f is 1-1, so that we have an inverse function f −1 : f (E) → E. Finally, assume f −1 is differentiable at f (a).
(a) Prove that f (a) is invertible and
Proof. We can simplify things considerably with some preliminaries. We'll choose V in such a way that f (x) will be invertible for all x ∈ V . Consequently, to conclude that f (V ) is open, it suffices to show that f (a) is an interior point of f (U ), and for this it's enough to have f (a) interior to f (V ) for some V ⊂ U . Thus, once we have an open subset V of U such that f is 1-1 on V and f (x) is invertible for all x ∈ V , we'll know that f (V ) is open. For the same reason, once we have such a set V , to see that f −1 is C 1 on f (V ) it suffices to show that f −1 is differentiable at f (a), because the above exercise will then imply that (f −1 ) is continuous at f (a), and this holds for every a at which the derivative of f is invertible, hence at every element of V .
Replacing f by f (a) −1 •f , without loss of generality f (a) = I. Then replacing f by x → f (x + a) − f (a), without loss of generality a = 0 and f (0) = 0.
We get our subset V as follows: since f is C 1 , there exists > 0 such that V := B (0) ⊂ U and
In particular, f (x) is invertible for all x ∈ V . Since V is convex and open, the Mean Value Inequality tells us that for all x, z ∈ V we have
Thus f is 1-1 on V , and moreover f −1 is continuous on W := f (V ). For the rest of the proof we ignore the original U and regard f as a function from V 1-1 onto W .
As we discussed at the start of the proof, it remains to show that 0 ∈ W
• and f −1 is differentiable at 0. For the first, put B = B /2 (0), an open ball containing 0 such that B ⊂ V . We have 0 / ∈ f (∂B) because 0 / ∈ ∂B and f is 1-1 on V . Since ∂B is compact and z → f (z) is continuous, there exists δ > 0 such that f (z) ≥ 2δ for all z ∈ ∂B. Claim: B δ (0) ⊂ W . Let w ∈ B δ (0), and define g : B → R by g(z) = f (z) − w 2 . Since B is compact and g is continuous and nonzero, g has a minimum at some p ∈ B. Since g(0) = w 2 < δ 2 and g(z) ≥ δ 2 for all z ∈ ∂B, we have p ∈ B. Thus for all h ∈ R n we have
Since f (p) is invertible, there exists h ∈ R n such that f (p)h = f (p) − w, so we must have f (p) − w = 0, proving the claim.
It remains to show f −1 is differentiable at 0. Let y ∈ W \ {0} and x = f −1 (y). Then x ∈ V \ {0}, so
since y ≥ x /2 by (1). This latter inequality also implies that as y → 0 we have x → 0, hence f (x) − x / x → 0 since f (0) = I, and we've shown that (f −1 ) (0) = I.
